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1. Introduction
Let N, N0, Z, Q and C denote the sets of positive integers, nonnegative integers,
integers, rational numbers and complex numbers, respectively. For a1, . . . , a8 ∈ N
and n ∈ N0, we deﬁne
N(a1, . . . , a8;n) := card{(x1, . . . , x8) ∈ Z8 | n = a1x21 + · · ·+ a8x28}.
Clearly N(a1, . . . , a8; 0) = 1. Without loss of generality we may suppose that
a1 ≤ · · · ≤ a8 and gcd(a1, . . . , a8) = 1.
Formulae for N(a1, . . . , a8;n) for the octonary quadratic forms
(x21 + · · ·+ x2i ) + 2(x2i+1 + · · ·+ x2i+j)
+ 3(x2i+j+1 + · · ·+ x2i+j+k) + 6(x2i+j+k+1 + · · ·+ x2i+j+k+l) (1.1)
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Table 1. Octonary quadratic forms (i, j, k, l).
(i, j, k, l) (i, j, k, l) (i, j, k, l)
(0,2,1,5), (2,0,5,1) (0,1,2,5), (2,1,4,1) (0,1,1,6), (2,1,1,4)
(0,2,3,3), (2,2,1,3) (0,1,4,3), (2,3,0,3) (0,1,3,4), (2,1,3,2)
(0,2,5,1), (2,2,3,1) (0,1,6,1), (2,3,2,1) (0,1,5,2), (2,1,5,0)
(0,4,1,3), (2,4,1,1) (0,3,2,3), (2,5,0,1) (0,1,7,0), (2,3,1,2)
(0,4,3,1), (3,1,0,4) (0,3,4,1), (3,0,1,4) (0,3,1,4), (2,3,3,0)
(0,6,1,1), (3,1,2,2) (0,5,2,1), (3,0,3,2) (0,3,3,2), (2,5,1,0)
(1,1,0,6), (3,1,4,0) (1,0,1,6), (3,0,5,0) (0,3,5,0), (3,0,0,5)
(1,1,2,4), (3,3,0,2) (1,0,3,4), (3,2,1,2) (0,5,1,2), (3,0,2,3)
(1,1,4,2), (3,3,2,0) (1,0,5,2), (3,2,3,0) (0,5,3,0), (3,0,4,1)
(1,1,6,0), (3,5,0,0) (1,0,7,0), (3,4,1,0) (0,7,1,0), (3,2,0,3)
(1,3,0,4), (4,0,1,3) (1,2,1,4), (4,1,0,3) (1,0,0,7), (3,2,2,1)
(1,3,4,0), (4,0,3,1) (1,2,3,2), (4,1,2,1) (1,0,2,5), (3,4,0,1)
(1,3,2,2), (4,2,1,1) (1,2,5,0), (4,3,0,1) (1,0,4,3), (4,1,1,2)
(1,5,0,2), (5,1,0,2) (1,4,1,2), (5,0,1,2) (1,0,6,1), (4,1,3,0)
(1,5,2,0), (5,1,2,0) (1,4,3,0), (5,0,3,0) (1,2,0,5), (4,3,1,0)
(1,7,0,0), (5,3,0,0) (1,6,1,0), (5,2,1,0) (1,2,2,3), (5,0,0,3)
(2,0,1,5), (6,0,1,1) (2,1,0,5), (6,1,0,1) (1,2,4,1), (5,0,2,1)
(2,0,3,3), (7,1,0,0) (2,1,2,3), (7,0,1,0) (1,4,0,3), (5,2,0,1)
(1,4,2,1), (6,1,1,0)
(1,6,0,1), (7,0,0,1)
with i + j + k + l = 8 under the conditions
i ≡ j ≡ k ≡ l ≡ 0 (mod 2) or i ≡ j ≡ k ≡ l ≡ 1 (mod 2)
appeared in literature. See [1–4, 6, 9, 11]. For convenience, we write (i, j, k, l) to
denote an octonary quadratic form given by (1.1), and we write N(1i, 2j, 3k, 6l;n) to
denote the number of representations of n by the octonary quadratic form (i, j, k, l).
In this paper, we determine a formula for N(1i, 2j, 3k, 6l;n) for each of the
octonary quadratic forms (i, j, k, l) when some of the i, j, k or l have diﬀerent parities
from the others. There are 112 such cases, and all of them are listed in Table 1.
This paper completes the representations of a positive integer by diagonal octonary
quadratic forms with coeﬃcients 1, 2, 3 or 6.
2. Preliminary results
For q ∈ C with |q| < 1 we deﬁne
F (q) :=
∞∏
n=1
(1− qn). (2.1)
Ramanujan’s theta function ϕ(q) is deﬁned by
ϕ(q) =
∞∑
n=−∞
qn
2
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Representations by octonary quadratic forms 3
We note that
∞∑
n=0
N(a1, . . . , a8;n)qn = ϕ(qa1) · · ·ϕ(qa8). (2.2)
The inﬁnite product representation of ϕ(q) is due to Jacobi [6], namely
ϕ(q) =
F 5(q2)
F 2(q)F 2(q4)
. (2.3)
The Dedekind eta function η(z) is deﬁned on the upper half plane H = {z ∈ C |
Im(z) > 0} by the product formula
η(z) = eπiz/12
∞∏
n=1
(1− e2πinz). (2.4)
Throughout the remainder of the paper we take q = q(z) := e2πiz with z ∈ H so
that |q| < 1. By (2.1) and (2.4) we have
η(z) = q1/24
∞∏
n=1
(1− qn) = q1/24F (q). (2.5)
An eta quotient is deﬁned to be a ﬁnite product of the form
f(z) =
∏
δ
ηrδ (δz), (2.6)
where δ runs through a ﬁnite set of positive integers and the exponents rδ are non-
zero integers. By taking N to be the least common multiple of the δ’s we can write
the eta quotient (2.6) as
f(z) =
∏
δ|N
ηrδ (δz), (2.7)
where some of the exponents rδ may be 0.
Let N ∈ N and χ be a Dirichlet character of modulus dividing N and Γ0(N)
the modular subgroup deﬁned by
Γ0(N) =
{(
a b
c d
)
|a, b, c, d ∈ Z, ad− bc = 1, c ≡ 0 (mod N)
}
.
Let k ∈ Z. We write Mk(Γ0(N), χ) to denote the space of modular forms of
weight k with multiplier system χ for Γ0(N), and Ek(Γ0(N), χ) and Sk(Γ0(N), χ)
to denote the subspaces of Eisenstein forms and cusp forms of Mk(Γ0(N), χ), respec-
tively. It is known (see for example [13, p. 83; 12]) that
Mk(Γ0(N), χ) = Ek(Γ0(N), χ)⊕ Sk(Γ0(N), χ). (2.8)
We use the following theorem to determine if certain eta quotients are modular
forms. See [7, Theorem 5.7, p. 99; 8, Corollary 2.3, p. 37; 5, p. 174; 10].
Theorem 2.1. Let N ∈ N. Let f(z) = ∏1≤δ|N ηrδ (δz) be an eta quotient and
s =
∏
1≤δ|N δ
rδ . Suppose that k = 12
∑
1≤δ|N rδ is an integer. If f(z) satisfies the
conditions
In
t. 
J. 
N
um
be
r T
he
or
y 
D
ow
nl
oa
de
d 
fro
m
 w
w
w
.w
or
ld
sc
ie
nt
ifi
c.
co
m
by
 U
N
IV
ER
SI
TY
 O
F 
O
TT
A
W
A
 o
n 
10
/1
9/
16
. F
or
 p
er
so
na
l u
se
 o
nl
y.
2nd Reading
October 1, 2016 8:33 WSPC/S1793-0421 203-IJNT 1750038
4 A. Alaca & M. N. Kesiciog˘lu
(L1)
∑
1≤δ|N δ · rδ ≡ 0 (mod 24),
(L2)
∑
1≤δ|N
N
δ · rδ ≡ 0 (mod 24),
(L3) for each d | N,∑1≤δ|N gcd(d,δ)2·rδδ ≥ 0,
then f(z) ∈ Mk(Γ0(N), χ), where χ is given by
χ(m) =
(
(−1)ks
m
)
.
In addition to the above conditions if f(z) also satisfies the condition
(L4) for each d | N,∑1≤δ|N gcd(d,δ)2·rδδ > 0,
then f(z) ∈ Sk(Γ0(N), χ).
Let ψ1 and ψ2 be Dirichlet characters. For n ∈ N we deﬁne σ(3,ψ1,ψ2)(n) by
σ(3,ψ1,ψ2)(n) :=
∑
1≤m|n
ψ2(m)ψ1(n/m)m3. (2.9)
If n ∈ N, we set σ(3,ψ1,ψ2)(n) = 0. If ψ1 and ψ2 are trivial characters then
σ(3,ψ1,ψ2)(n) coincides with the sum of divisors function
σ3(n) =
∑
1≤m|n
m3.
Let χ0 denote the trivial character. For m ∈ Z, we deﬁne six characters by

χ1(m) =
(−8
m
)
, χ2(m) =
(−4
m
)
, χ3(m) =
(−3
m
)
,
χ4(m) =
(
8
m
)
, χ5(m) =
(
12
m
)
, χ6(m) =
(
24
m
)
.
(2.10)
We deﬁne the Eisenstein series E4,χ0,χ4(q), E4,χ0,χ5(q), E4,χ0,χ6(q), E4,χ1,χ3(q),
E4,χ2,χ3(q), E4,χ3,χ1(q), E4,χ4,χ0(q), E4,χ5,χ0(q) and E4,χ6,χ0(q) by
E4,χ0,χ4(q) :=
11
2
+
∞∑
n=1
σ(3,χ0,χ4)(n)q
n, (2.11)
E4,χ0,χ5(q) := 23 +
∞∑
n=1
σ(3,χ0,χ5)(n)q
n, (2.12)
E4,χ0,χ6(q) := 261 +
∞∑
n=1
σ(3,χ0,χ6)(n)q
n, (2.13)
E4,χ1,χ3(q) :=
∞∑
n=1
σ(3,χ1,χ3)(n)q
n, (2.14)
E4,χ2,χ3(q) :=
∞∑
n=1
σ(3,χ2,χ3)(n)q
n, (2.15)
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Representations by octonary quadratic forms 5
E4,χ3,χ1(q) :=
∞∑
n=1
σ(3,χ3,χ1)(n)q
n, (2.16)
E4,χ3,χ2(q) :=
∞∑
n=1
σ(3,χ3,χ2)(n)q
n, (2.17)
E4,χ4,χ0(q) :=
∞∑
n=1
σ(3,χ4,χ0)(n)q
n, (2.18)
E4,χ5,χ0(q) :=
∞∑
n=1
σ(3,χ5,χ0)(n)q
n, (2.19)
E4,χ6,χ0(q) :=
∞∑
n=1
σ(3,χ6,χ0)(n)q
n. (2.20)
3. Main results
We deﬁne the eta quotients Ak(q), Bk(q) and Ck(q) as in Table 2. We deﬁne the
integers ak(n), bk(n) and ck(n) (n ∈ N) by
Ak(q) =
∞∑
n=1
ak(n)qn, (1 ≤ k ≤ 10), (3.1)
Bk(q) =
∞∑
n=1
bk(n)qn, (1 ≤ k ≤ 8), (3.2)
Ck(q) =
∞∑
n=1
ck(n)qn, (1 ≤ k ≤ 10). (3.3)
We note that the eta quotients in Table 2 are constructed by using MAPLE in a
way that they satisfy the conditions of Theorem 2.1 for N = 24 and k = 4. We
deduce from [13, Sec. 6.3, p. 98] that
dim(S4(Γ0(24), χ4) = 10, (3.4)
dim(S4(Γ0(24), χ5) = 8, (3.5)
dim(S4(Γ0(24), χ6) = 10. (3.6)
Theorem 3.1. (a) {Ak(q) | 1 ≤ k ≤ 10} is a basis for S4(Γ0(24), χ4).
(b) {E4,χ0,χ4(qt), E4,χ4,χ0(qt) | t = 1, 3} is a basis for E4(Γ0(24), χ4).
(c) {E4,χ0,χ4(qt), E4,χ4,χ0(qt) | t = 1, 3} ∪ {Ak(q) | 1 ≤ k ≤ 10} is a basis for
M4(Γ0(24), χ4).
Proof. (a) By Theorem 2.1, Ak(q) (1 ≤ k ≤ 10) are in S4(Γ0(24), χ4). Then
the assertion follows from (3.4) as there is no linear relationship among the Ak(q)
(1 ≤ k ≤ 10).
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Table 2. Eta quotients Ak(q), Bk(q) and Ck(q).
k Ak(q) Bk(q) Ck(q)
1
η2(3z)η2(4z)η5(6z)η2(8z)
η3(12z)
η4(3z)η2(6z)η3(8z)
η(24z)
η7(6z)η3(8z)η3(12z)
η2(3z)η3(24z)
2 η
2(3z)η5(4z)η(6z)η(24z)
η(8z)
η4(6z)η2(8z)η5(12z)
η(4z)η2(24z)
η2(3z)η7(4z)η4(12z)
η3(6z)η2(8z)
3
η5(2z)η(3z)η(12z)η2(24z)
η(z)
η4(3z)η2(4z)η2(6z)η3(24z)
η(8z)η2(12z)
η2(3z)η(6z)η6(8z)η2(12z)
η3(4z)
4 η
2(3z)η(6z)η4(8z)η(12z)η2(24z)
η2(4z)
η4(6z)η3(8z)η3(24z)
η2(12z)
η2(3z)η3(8z)η5(12z)η(24z)
η3(6z)
5
η2(3z)η(4z)η(8z)η4(12z)η3(24z)
η3(6z)
η3(4z)η(12z)η4(24z)
η2(3z)η(6z)η2(8z)η4(24z)
η(4z)
6 η
2(3z)η(6z)η6(24z)
η(12z)
η2(4z)η4(6z)η7(24z)
η(8z)η4(12z)
η2(3z)η2(4z)η3(12z)η5(24z)
η3(6z)η(8z)
7
η2(3z)η3(4z)η2(12z)η7(24z)
η3(6z)η3(8z)
η5(4z)η8(24z)
η4(8z)η(12z)
η2(3z)η(4z)η(6z)η8(24z)
η2(8z)η2(12z)
8 η
5(2z)η(3z)η3(12z)η8(24z)
η(z)η2(4z)η4(6z)η2(8z)
η4(2z)η7(24z)
η(8z)η2(12z)
η(z)η(6z)η(12z)η8(24z)
η(3z)η2(8z)
9
η2(3z)η6(4z)η5(12z)
η3(6z)η2(24z)
η2(2z)η6(3z)η(4z)η2(8z)
η3(6z)
10 η
2(4z)η7(6z)η2(8z)η4(24z)
η2(3z)η5(12z)
η2(3z)η3(4z)η5(6z)η2(24z)
η4(12z)
(b) The assertion follows from [13, Theorem 5.9, p. 88] with  = χ4 and χ, ψ ∈
{χ0, χ4}.
(c) The assertion follows from (a), (b) and (2.8).
Theorem 3.2. (a) {Bk(q) | 1 ≤ k ≤ 8} is a basis for S4(Γ0(24), χ5).
(b) {E4,χ0,χ5(qt), E4,χ2,χ3(qt), E4,χ3,χ2(qt), E4,χ5,χ0(qt) | t = 1, 2} is a basis for
E4(Γ0(24), χ5).
(c) {E4,χ0,χ5(qt), E4,χ2,χ3(qt), E4,χ3,χ2(qt), E4,χ5,χ0(qt) | t = 1, 2} ∪ {Bk(q) | 1 ≤
k ≤ 8} is a basis for M4(Γ0(24), χ5).
Proof. (a) By Theorem 2.1, Bk(q) (1 ≤ k ≤ 8) are in S4(Γ0(24), χ5). Then the
assertion follows from (3.5) as there is no linear relationship among the Bk(q) (1 ≤
k ≤ 8).
(b) The assertion follows from [13, Theorem 5.9, p. 88] with  = χ5 and χ, ψ ∈
{χ0, χ2, χ3, χ5}.
(c) The assertion follows from (a), (b) and (2.8).
Theorem 3.3. (a) {Ck(q) | 1 ≤ k ≤ 10} is a basis for S4(Γ0(24), χ6).
(b) {E4,χ0,χ6(q), E4,χ1,χ3(q), E4,χ3,χ1(q), E4,χ6,χ0(q)} is a basis for
E4(Γ0(24), χ6).
(c) {E4,χ0,χ6(q), E4,χ1,χ3(q), E4,χ3,χ1(q), E4,χ6,χ0(q)}∪ {Ck(q) | 1 ≤ k ≤ 10} is a
basis for M4(Γ0(24), χ6).
In
t. 
J. 
N
um
be
r T
he
or
y 
D
ow
nl
oa
de
d 
fro
m
 w
w
w
.w
or
ld
sc
ie
nt
ifi
c.
co
m
by
 U
N
IV
ER
SI
TY
 O
F 
O
TT
A
W
A
 o
n 
10
/1
9/
16
. F
or
 p
er
so
na
l u
se
 o
nl
y.
2nd Reading
October 1, 2016 8:33 WSPC/S1793-0421 203-IJNT 1750038
Representations by octonary quadratic forms 7
Proof. (a) By Theorem 2.1, Ck(q) (1 ≤ k ≤ 8) are in S4(Γ0(24), χ6). Then the
assertion follows from (3.6) as there is no linear relationship among the Ck(q) (1 ≤
k ≤ 10).
(b) The assertion follows from [13, Theorem 5.9, p. 88] with  = χ6 and χ, ψ ∈
{χ0, χ1, χ3, χ6}.
(c) The assertion follows from (a), (b) and (2.8).
Theorem 3.4. Let (i, j, k, l) be any of the octonary quadratic forms listed in the
first column of Table 1. Then
ϕi(q)ϕj(q2)ϕk(q3)ϕl(q6) = x1E4,χ0,χ4(q) + x2E4,χ4,χ0(q) + x3E4,χ0,χ4(q
3)
+ x4E4,χ4,χ0(q
3) +
10∑
i=1
yiAi(q),
where xi (1 ≤ i ≤ 4) and yi (1 ≤ i ≤ 10) are listed in Table 3.
Proof. By (2.3), (2.5) and Theorem 2.1, we have ϕi(q)ϕj(q2)ϕk(q3)ϕl(q6) ∈
M4(Γ0(24), χ4). Appealing to Theorem 3.1(c) and using MAPLE, we obtain the
asserted results.
Theorem 3.5. Let (i, j, k, l) be any of the octonary quadratic forms listed in the
second column of Table 1. Then
ϕi(q)ϕj(q2)ϕk(q3)ϕl(q6) = x1E4,χ0,χ5(q) + x2E4,χ2,χ3(q) + x3E4,χ3,χ2(q)
+ x4E4,χ5,χ0(q) + x5E4,χ0,χ5(q
2) + x6E4,χ3,χ2(q
2)
+
8∑
i=1
yiBi(q),
where xi (1 ≤ i ≤ 6) and yi (1 ≤ i ≤ 8) are listed in Table 4.
Proof. By (2.3), (2.5) and Theorem 2.1, we have ϕi(q)ϕj(q2)ϕk(q3)ϕl(q6) ∈
M4(Γ0(24), χ5). Appealing to Theorem 3.2(c) and using MAPLE, we obtain the
asserted results.
Theorem 3.6. Let (i, j, k, l) be any of the octonary quadratic forms listed in the
third column of Table 1. Then
ϕi(q)ϕj(q2)ϕk(q3)ϕl(q6) = x1E4,χ0,χ6(q) + x2E4,χ1,χ3(q) + x3E4,χ3,χ1(q)
+ x4E4,χ6,χ0(q) +
10∑
i=1
yiCi(q),
where xi (1 ≤ i ≤ 4) and yi (1 ≤ i ≤ 10) are listed in Table 5.
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Proof. By (2.3), (2.5) and Theorem 2.1, we have ϕi(q)ϕj(q2)ϕk(q3)ϕl(q6) ∈
M4(Γ0(24), χ6). Appealing to Theorem 3.3(c) and using MAPLE, we obtain the
asserted results.
We now present formulas for N(1i, 2j, 3k, 6l;n) for each of the octonary quadratic
forms (i, j, k, l) listed in Table 1 in Theorems 3.7–3.9.
Theorem 3.7. Let n ∈ N. Let (i, j, k, l) be any of the octonary quadratic forms
listed in the first column of Table 1. Then
N(1i, 2j, 3k, 6l;n) = x1σ(3,χ0,χ4)(n) + x2σ(3,χ4,χ0)(n) + x3σ(3,χ0,χ4)(n/3)
+ x4σ(3,χ4,χ0)(n/3) +
10∑
i=1
yiai(n),
where xi (1 ≤ i ≤ 4) and yi (1 ≤ i ≤ 10) are listed in Table 3.
Proof. This follows from (2.2), (2.11), (2.18), (3.1) and Theorem 3.4.
Theorem 3.8. Let n ∈ N. Let (i, j, k, l) be any of the octonary quadratic forms
listed in the second column of Table 1. Then
N(1i, 2j, 3k, 6l;n) = x1σ(3,χ0,χ5)(n) + x2σ(3,χ2,χ3)(n) + x3σ(3,χ3,χ2)(n)
+ x4σ(3,χ5,χ0)(n) + x5σ(3,χ0,χ5)(n/2) + x6σ(3,χ3,χ2)(n/2)
+
8∑
i=1
yibi(n),
where xi (1 ≤ i ≤ 6) and yi (1 ≤ i ≤ 8) are listed in Table 4.
Proof. The assertions follow from (2.2), (2.12), (2.15), (2.17), (2.19), (3.2) and
Theorem 3.5.
Theorem 3.9. Let n ∈ N. Let (i, j, k, l) be any of the octonary quadratic forms
listed in the third column of Table 1. Then
N(1i, 2j , 3k, 6l;n) = x1σ(3,χ0,χ6)(n) + x2σ(3,χ1,χ3)(n) + x3σ(3,χ3,χ1)(n)
+ x4σ(3,χ6,χ0)(n) +
10∑
i=1
yici(n),
where xi (1 ≤ i ≤ 4) and yi (1 ≤ i ≤ 10) are listed in Table 5.
Proof. The assertions follow from (2.2), (2.13), (2.14), (2.16), (2.20), (3.3) and
Theorem 3.6.
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